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Abstract
This paper derives the expressions of the multipole moments of an iso-
lated gravitating source with an accuracy corresponding to the second post-
Newtonian (2-PN) approximation of general relativity. The moments are
obtained by a procedure of matching of the external gravitational eld of the
source to the inner eld, and are found to be given by integrals extending
over the stress-energy distribution of the matter elds and the gravitational
eld. Although this is not manifest on their expressions, the moments have a
compact support limited to the material source only (they are thus perfectly
well-dened mathematically). From the multipole moments we deduce the
expressions of the asymptotic gravitational waveform and associated energy
generated by the source at the 2-PN approximation. This work, together with
a forthcoming work devoted to the application to coalescing compact bina-
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I. INTRODUCTION
A. Motivation and relation to other works
The problem of the generation of gravitational radiation by a slowly moving isolated
system is presently solved with an accuracy corresponding to the 1.5-post-Newtonian (in
short 1.5-PN) approximation of general relativity [1{3]. This approximation takes into
account all contributions in the radiation eld at large distances from the system up to the
relative order "
3
, where "  c
 1
is a usual post-Newtonian parameter. The objective of this
paper is to go one step further in the resolution of this problem by deriving the expression of
the gravitational radiation eld with an accuracy corresponding to the 2-PN approximation,
taking into account all contributions up to the order "
4
. In a forthcoming paper [4] we shall
consider specically the case of the radiation generated by a coalescing binary system made
of compact stars (neutron stars or black holes).
It is now well-known that post-Newtonian eects in the radiation generated by a coalesc-
ing compact binary system should be detectable by future gravitational-wave interferometers
like LIGO and VIRGO [5{10]. It has even been realized in recent years that an extremely
accurate theoretical signal is required in order to achieve the full potential precision on the
measurement of the binary's parameters [8]. This remarkable state of aairs is made pos-
sible by the fact that the signal will spend hundreds to thousands of cycles in the detector
bandwidth, and that as a result the instantaneous phase of the signal will be amenable to
a very precise determination. The main inuence of the higher-order post-Newtonian cor-
rections is thus located in the phase of the signal, which is itself mainly determined by the
rate of decay of the binary's orbit resulting from the gravitational radiation reaction. Note
that this potential high precision on the extraction of the binary's parameters is interesting
not only for doing astrophysical measurements of masses, spins, etc. of stars, but also for
testing some aspects of the nonlinear structure of general relativity [11].
Analytical and numerical computations of the radiation generated by a small mass in
3
circular orbit around a large one have indicated that post-Newtonian corrections beyond
the 3-PN approximation may be needed [12{15]. The 2-PN approximation worked out in
this paper and its sequel [4] thus does not yet reach the ideal precision required by the
observations of coalescing binaries, but still represents an appreciable improvement of the
existing situation.
The investigation of this paper will be based on a \multipolar-post-Minkowskian" for-
malism for dealing with the gravitational eld in the external vacuum region of the source.
Such a formalism combines a multipolemoment expansion, valid in the exterior of the source,
with a post-Minkowskian expansion, i.e. a nonlinearity expansion or expansion in powers of
Newton's constant G, valid wherever the eld is weak. This double expansion formalism is
originally due to Bonnor and collaborators [16{19], and has been later rened and claried
by Thorne [20]. In recent years, the formalism has been implemented in an explicit and con-
structive way [21,22] (with the help of some mathematical tools like analytic continuation),
and applications have been made to the problems of gravitational radiation reaction [23,24]
and wave generation [1{3]. The eld being determined only in the exterior of the source, the
multipolar-post-Minkowskian formalism must be supplemented by a method of matching to
the eld inside the source. We shall use a variant of the well-known method of matching of
asymptotic expansions (see e.g. [25]) which has already, on several occasions, found its way
in general relativity [26{29].
Inspection of the solution of the wave generation problem at the 1.5-PN approximation
[1{3] readily shows what is needed for extension at the 2-PN approximation. Indeed, the
works [1] and [2] have obtained respectively the expressions of the mass-type and current-
type multipole moments of the source with relative precision "
2
, the next-order correction
being of order O("
4
). The inclusion done in [1] of the terms "
2
in the mass multipolemoments
permits to solve the wave generation problem at the 1-PN approximation (in fact, only the
terms "
2
in the quadrupole mass moment are needed). This has set on a solid (and well-
dened) footing previous works by Epstein and Wagoner [30], and Thorne [20] who obtained
formally correct but divergent expressions of the moments at the 1-PN approximation (see
4
[1] for discussion). In the work [3] the nonlinear eects in the radiation eld were added
and shown to arise at the level "
3
, essentially due to the \tails" of gravitational waves.
Higher-order nonlinear eects were shown to be of order O("
5
) at least. Now recall that the
contribution of a moment with multipolarity l scales like "
l
in the radiation eld, and that the
current moments always carry an additional factor " as compared with the corresponding
mass moments. Therefore we conclude that what is needed for solving the 2-PN wave
generation problem is only to nd the extension of the expression of the mass quadrupole
moment of the source with relative precision "
4
. Note that the computation of the moments
of the source can be done in the near zone of the source.
This paper will thus mainly focus on the matching between the external and internal
gravitational elds in the near zone of the source (both elds are expressed in the form of
a post-Newtonian expansion when " ! 0) with a precision consistent with the inclusion of
the terms "
4
in the mass multipole moments. (Although the quadrupole mass moment is
sucient for our purpose, we shall compute the terms "
4
in all mass moments of arbitrary
multipolarity l.) The matching performed in [1] was based on a particularly simple closed
form of the internal gravitational eld of the source including 1-PN corrections. On the
other hand, the matching performed in [2] made use of some specic distributional kernels
to deal with the quadratic nonlinearities of Einstein's equations. None of these methods
can be applied to our problem, which necessitates the inclusion of the full 2-PN corrections
in the eld, depending not only on quadratic but also on cubic nonlinearities of Einstein's
equations. In this paper we shall employ a matching procedure which is far more general
than the ones followed in [1,2]. In particular, we shall show how one can deal with the cubic
nonlinearities of Einstein's equations without any use of distributional kernels.
The end result obtained in this paper expresses the multipole moments of the source as
integrals extending over the distribution of stress-energy of the matter elds in the source
and of the gravitational eld. This result is similar to the one we would obtain by using as
the source of the radiation eld the total stress-energy (pseudo) tensor of the matter and
gravitational elds, and by considering formally that this tensor has a spatially compact
5
support limited to the material source. It is well-known that by proceeding in this formal
way (i.e., a la Epstein-Wagoner-Thorne), we obtain integral expressions of the multipole
moments which are divergent, because of the non-compact-supported distribution of the
gravitational eld. (Indeed, the integral expression of a moment with multipolarity l involves
a large power  jxj
l
of the radial distance to the source, which blows up at innity.) We prove
in this paper that the correct expressions of the multipole moments must involve also an
analytic continuation factor jxj
B
, where B is a complex number, and a \nite part at B = 0"
prescription to deal with the a priori bad behavior of the integrals at spatial innity. In
such a way the expressions of the moments are perfectly well-dened mathematically. When
a pole  1=B occurs in an integral due to the bad behavior of the integral at spatial innity,
the \nite part at B = 0" introduces an additional contribution to the moment which must
absolutely be taken into account. (However, we shall see that no poles occur at the level
investigated in this paper.)
Let us stress that the expressions presented here of the multipole moments are not
manifestly of compact-supported form (contrarily to say the lowest-order expressions at
the 1-PN level [1]), but are numerically equal, thanks to the properties of the analytic
continuation, to some compact-supported expressions which could be constructed at the
price of introducing more complicated potentials besides the usual Poisson integrals of the
mass and current densities in the source. Such a construction is however unnecessary (and
is somewhat awkward) in practical computations of the moments for specic sources.
It is likely that the expressions of the moments expressed in this way as integrals ex-
tending over the total stress-energy distribution of the matter and gravitational elds and
regularized by means of analytic continuation, will admit a generalization to higher non-
linearities in the eld, and higher post-Newtonian approximations. Such a generalization,
which will be the subject of future work, should permit the resolution, at least in principle,
of the problem of the generation of gravitational radiation by a general isolated system up to
the high level of approximation required by the observations of coalescing compact binaries.
This paper is organized as follows. In section II we compute the gravitational eld
6
both in the near zone of the source (where a direct post-Newtonian expansion of the eld
equations is performed), and in the external near zone of the source (where we use the
multipolar-post-Minkowskian solution of the vacuum equations). In section III we impose
that the two elds are isometric in their common domain of validity, namely the external
near zone of the source. This yields a matching equation valid up to an appropriate post-
Newtonian order, and which is used in section IV to obtain the expressions of both the mass
and current multipole moments of the source. The formulas for the asymptotic waveform
and the associated energy generated by the source at the 2-PN approximation are also given
in section IV. The paper ends with three appendices, and we start with our notation for
Einstein's equations.
B. Notation for Einstein's equations
Throughout most of this paper, we shall use Einstein's equations in harmonic coordinates.
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has the dimension of an energy density), and by  the





























. The second term in (1.2) is an eective gravita-
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4
) (1.4)
where the quadratically nonlinear term is given by
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and where the cubically nonlinear term is given by
M

















































































































































































































































































































which are consistent, by Bianchi's identities, with the conservation (in the covariant sense)
of the stress-energy tensor of the matter elds.
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II. THE INTERNAL AND EXTERNAL GRAVITATIONAL FIELDS
A. Solution of Einstein's equations in the internal near zone
Let us dene the internal near zone of the source to be a domain D
i





is adjusted so that (i) r
i
> a, where a is the radius of a sphere which totally
encloses the source, and (ii) r
i

, where   ac=v is the (reduced) wavelength of the
emitted gravitational radiation, and v is a typical internal velocity in the source.
Dening D
i
in such a way assumes in particular that a  , or equivalently "  1
where "  v=c is a small \post-Newtonian" parameter appropriate to the description of














, we can solve Einstein's equations (1.1)-(1.2) by formally
taking the post-Newtonian limit " ! 0. The following notation will be used for terms of
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ij
= O(r). (The latin indices i; j,: : : range from 1
to 3.)
From the contravariant components of the stress energy tensor T

of the matter elds,
we dene a mass density , a current density 
i





























denotes the spatial trace of T

. In all this paper, we shall




are of order "
0





= O(0) : (2.2)
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is a more complicated retarded
tensor potential dened by
W
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Note that while the potentials V and V
i
have a compact support limited to that portion of the
past null cone issued from the eld point (x
0
; t) which intersects the source, the potentialW
ij
















y(y; 1) +O(2) is the initial mass (or ADM mass) of the
source, and we can check from this that the potential W
ij
is given as a convergent integral.
We shall often abbreviate formulas such as (2.3-2.4) by denoting the retarded integral of



























It is convenient in most of this paper to keep the potentials (2.3-2.4) in retarded form, i.e.
to not expand when c! +1 the retardation argument t jx x
0
j=c. This permits to avoid
possible problems of convergence with the expansion of potentials with non-compact support.
However, most of the equations of this paper will be only valid up to some remainder in
the expansion "  c
 1
! 0, and we can replace, when there is no problem of convergence,
the retarded potentials by their post-Newtonian expanded forms up to the accuracy of the


















V +O(2) ; (2.6b)




















= O(2) : (2.7b)





type potentials, e.g., V = U +O(2) where U is the Newtonian potential of the mass density
, satisfying U =  4G.
We now proceed to solve Einstein's equations (1.1-1.2) with an accuracy corresponding
to the post-Newtonian order O(8; 7; 8), by which we mean O(8) in the 00 and ij components
of h








= O(3) and h
ij
= O(4) into the right-hand-side of (1.2) with the explicit











































































































Since the potentials satisfy the conservation laws (2.7), we see that the eld (2.9) satises






The next step consists in iterating Einstein's equations by using the expression (2.9) of
the eld. We substitute (2.9) into the right-hand-side of (1.2) with the help of (1.3) and
of the explicit expressions (1.5) and (1.6) of the quadratic and cubic nonlinearities. In this















) +O(8; 7; 8) : (2.10)
In these equations, we denote by  the post-Newtonian expansion of  = jgj =  g when
truncated at the order O(6), i.e.  =  + O(6), and expressed with the potentials V and
W =W
ii
. From (1.3) we have











(Note that because the matter stress-energy tensor is T

= O( 2; 1; 0), the precision on 
as given by (2.11) is necessary only in the 00 component of the equations (2.10).) Similarly,


in (2.10) is dened to be the post-Newtonian expansion of the eective nonlinear source

























































































































































































































By using the equations of motion and of continuity including "
2
terms (which are given by












= O(7; 8) : (2.13)
Note that the condition (2.13) checks all terms in (2.12) except the c
 6
terms in the 00
component 
00
of (2.12a) and the c
 4
term in . We have checked these terms by adding
in the 0i component 
0i
of (2.12b) the next order c
 7
terms and computing the divergence.




would allow the control
of the c
 4
correction terms not only in the mass-type source moments (which is the aim of
this paper), but also in the current-type source moments. However, we have chosen here not
to include these terms because they are not necessary for solving the 2-PN wave generation
problem, and because they somewhat complicate the discussion with the need of introducing




, and the necessity of a better control of the external
metric in xII B. These terms will be considered in a future work where we investigate how the
procedure followed in this paper could be systematically extended to higher post-Newtonian
orders.



















is the retarded integral operator dened in (2.5). By (2.13), this solution satises





= O(7; 8) : (2.15)
Note that we could have added in (2.14) some homogeneous solutions of the wave equation
which are regular in D
i
and satisfy the harmonic gauge condition (2.15). It is simpler to
use the solution (2.14) as it stands since we shall show that it directly matches the exterior
metric.
B. Solution of Einstein's equations in the external near zone
Let D
e
= f(x; t) = r  jxj > r
e
g be an external domain surrounding the source, where
r
e








the inner domain D
i




, gravity is weak
everywhere and in particular in D
e
, so we can solve Einstein's vacuum equations in D
e
by means of the multipolar and post-Minkowskian approximation method developed in our
previous works [21{24] on foundations laid by Bonnor [16] and Thorne [20]. More specically,
we use the construction of the external eld which is dened in x 4.3 of [21] and which is
referred there to as the \canonical" external eld. Using a formal innite post-Minkowskian






























+    ; (2.16)
where the coecients h

can(n)
of an arbitrary nth power of G are algorithmically constructed
from the knowledge of the previous coecients h

can(m)
(with m < n) by post-Minkowskian
iteration of the vacuum equations. This iteration is made possible by a systematic use of
multipole expansions, valid outside the source (in D
e








, which is chosen to be the most general solution, modulo an arbitrary linear














































) are given by some explicit innite multipole expansions of retarded spherical waves

























































































































See e.g. (8.12) in Thorne [20]. Our notation is as follows (anticipating also on future needs).
Upper case latin letters denote multi-indices with the corresponding lower case letters being




   i
`
. Similarly, L 1 = i
1
   i
` 1
, L 2 = i
1





   i
`



































































































= 0 : (2.19b)







= 0 : (2.20)
As we see, the potentials (2.18) depend on two innite sets of functions of time,M
L
(t) for ` =
0;    ;1, and S
L
(t) for ` = 1;    ;1. These functions are STF in their ` indices. They can
be viewed respectively as some \canonical" mass-type and current-type multipole moments
parametrizing the external canonical metric. They are completely arbitrary functions of













= 0. Note that it was assumed in




(t) are constant before some remote date in the past.
15
We shall admit here that one can cover a more general situation where (for instance) the




(t) become asymptotically constant when t !  1,
corresponding to a situation of initial scattering in the innite past. Furthermore, we shall
relax without justication the assumption made in [21] that the multipole expansions are





These two amendments almost certainly have no incidence on the results derived in this
paper.
























The rst term in this formula involves 

can(n)
, which is dened to be the coecient of G
n
in
the expansion of the eective gravitational source 

(h) in the right-hand-side of Einstein's















+    : (2.22)
Since 

is at least quadratic in h, 

can(n)
for any n is a function only of the previous n  1
coecients h
can(1)
;    ; h
can(n 1)











































dened in (2.5), acts on the source 

can(n)
but multiplied by an analytic continuation factor
r
B
, where r = jxj and B is a complex number. The introduction of this factor is required
because the linearized metric h
can(1)





, are valid only in the exterior of the source (in D
e
) and are singular at the
spatial origin of the coordinates, r = 0, located within the source. It has been shown in









analytic function of B all over the complex plane except in general at integer values of B.





p 2 ZZ. The coecient of B
0
in this expansion, i.e. a
0
, is what we call the nite part at
B = 0 (or FP
B=0





(and is also singular at the origin). Thus the introduction of the analytic
continuation factor r
B
is a mean (and a convenient one) to obtain a solution of the Einstein
equation (1.2) inD
e
| this is the only thing we need (see [21] for more details about this way
of proceeding). The second term q
can(n)
in (2.21) is a particular retarded solution of the wave
equation, i.e. 2q
can(n)
= 0, whose divergence is the opposite of the divergence of the rst






= 0: The precise denition of the term q
can(n)
is reported in the appendix A where
we control its order of magnitude in the post-Newtonian expansion.
The external eld (2.16), in which we have (2.17)-(2.18) and (2.21), represents the most
general solution of Einstein's equations in D
e





(t). Now the point is that one knows (see [22,1,3]) how










(t) (see xIV below). Therefore, what is only needed in order to compute the
distant wave eld is to consider the near-zone expansion, or expansion when c ! +1 or
" ! 0, of the external eld (2.16) up to some suitable order, so as to give by matching to





(t) in terms of the source's parameters. Equivalently, this means that we must
consider the external eld (2.16) in that part of the external domain D
e
which belongs to






< r < r
i
g, in which we can simultaneously expand
the external eld when " ! 0 and keep its multipole moment structure. First of all, from
the fact that an arbitrary nonlinear coecient h

can(n)
in (2.16) is of order O(2n; 2n + 1; 2n)
when "! 0 (see (5.5) in [21]), we nd that the neglect of all nonlinear iterations with n  4

















+O(8; 9; 8) : (2.24)







denitions of the quadratic and cubic coecients (2.21) have (at least) the following orders








= O(8; 7; 8) : (2.25b)
Therefore, from (2.21), we can write the expansion when " ! 0 of the canonical external



























+O(7; 7; 7) ; (2.26)








in (2.26) are given more explicitly by (2.23). To
compute their sum with an accuracy consistent with the remainder in (2.26), we must know
the quadratic metric h
can(2)
up to the order O(6; 5; 6). This is of course analogous to the
computation we have done in x IIA, where we had rst to solve Einstein's equations up to the
order O(6; 5; 6) before reaching the looked-for order O(8; 7; 8). The quadratic source at the
order O(6; 5; 6) is readily obtained by substituting (2.17)-(2.18) into (2.23a) and discarding

































































































































The justication of (2.28) is as follows. We know that the post-Newtonian expansion of
the regularized retarded operator FP2
 1
R
















is the (k + 1)th iteration of the
Poisson operator 
 1
, modulo negligible terms of order O(10; 9; 8) (see e.g. (3.7) and (3.21),
with n = 2, in [24]). Thus, FP2
 1
R
acting on the remainderO(6; 5; 6) in (2.27) is itself of order
O(6; 5; 6). Furthermore, we know that FP
 1













is the \Newtonian" potential associated with
V
ext




























+ O(2) as has been used in (2.28a). Note that this
















Using now (2.30) and (2.20), we can write the canonical eld up to the order O(6; 5; 6) in a







































































Finally, since the \canonical" eld (2.31) has the same form in terms of the external











in the right-hand-side of (2.26) will be equal modulo
the same order O(8; 7; 8) as in (2.10) to the truncated source 

dened in (2.12), but













. (Indeed, never a Laplace or d'Alembertian operator enters in the eective
gravitational source of Einstein's equations, which would give a dierent result when acting






















) +O(8; 7; 8) ; (2.33)













. Inserting (2.33) into (2.26), and recalling that FP2
 1
R
acting on O(8; 7; 8)



























+O(7; 7; 7) : (2.34)
It is to be noticed that the remainder in (2.34) is O(7; 7; 7) instead of the remainderO(8; 7; 8)
in the inner eld (2.14) because it involves the not controlled contribution O(7; 7; 7) of q

can(2)
in (2.25a). In the next section we match the external eld (2.34) to the corresponding inner
eld (2.14).
III. MATCHING OF THE INTERNAL AND EXTERNAL FIELDS
A. Coordinate transformation between the internal and external elds
We require that the internal eld h

constructed in x IIA and the external eld h

can





= f(x; t)= r
e
< r < r
i
g of the source. Denoting by x

the
harmonic coordinates used in the inner domain D
i





harmonic coordinates used in the exterior domain D
e










where the vector '

(x) is assumed to be in the form of a multipolar and post-Newtonian




. [In x II B, we have for notational convenience abusively
denoted by x

what really are the canonical harmonic coordinates x

can






are harmonic, the vector '











= 0 ; (3.2)





. The (also exact) transformation law of the eld deviation h

under the






























where J = det(@x
can
=@x) denotes the Jacobian determinant of the coordinate transforma-
tion.
We now expand the transformation law (3.3) when " ! 0. The eld deviation h

in
the right-hand-side of (3.3) is by (2.9) of order O(2; 3; 4) when "! 0. Furthermore, let us
assume that the vector '

in the coordinate transformation (3.1) is of order
'

= O(3; 4) : (3.4)
This assumption (which has already been made in previous works [1,2]) is proved below
when we show that it leads to a consistent matching. We can then easily see that the








(x) +O(6; 7; 8) ; (3.5)












































= O(7; 8) : (3.7b)
Note that one could have a priori expected some nonlinear terms to appear at the order "
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Such nonlinear terms are, however, absent at this order (as was also found in [2]). On the
contrary, some nonlinear terms arise at the order "
6
in the 00 component of (3.5). These
terms, which will be needed in the following, are obtained by a short computation showing

































B. Matching of the compact-supported potentials V and V
i
A requisite in the matching procedure is to nd the relations linking the multipole ex-













. We deal in this subsection with the case of the compact-supported
potentials V and V
i
. The more complicated case of the non-compact-supported potential
W
ij
is reported in the next subsection.
The inner and outer elds have been shown in x II to take, up to the order O(6; 5; 6), the
same functional forms (2.9) and (2.31) in terms of their respective potentials. On the other
hand, the coordinate transformation between them takes, up to this order (and even up to
22
a higher order), the linear form (3.5) with (3.6). We rst substitute into the sum of the 00
component and of the spatial trace ii of (3.5) the inner and outer elds (2.9) and (2.31).
This leads to an equation whose solution is easily seen to be
V
ext





[Indeed, we have '
0
= O(3).] Similarly, by inserting (2.9) and (2.31) into the 0i component















Note that (3.9) is valid with the inclusion of relativistic corrections "
2
, while (3.10) is valid
at the non-relativistic level only.





transform them into matching equations, i.e. equations relating mathematical expressions
of the same nature. To do this, we need only to replace the inner potentials in the right-
hand-sides of (3.9) and (3.10) by their multipole expansions valid outside the source. This
is simple because V and V
i
are the retarded integrals of the compact-supported mass and
current densities  and 
i






















































(t) are given by explicit integrals extending over












































































(z) = 1 : (3.13)
The formulas (3.11)-(3.13) have been proved in the appendix B of [1]. Now, we have V =








, hence we can write
V
ext

























by (2.18) to the multipole expansions M(V ), M(V
i
) of the inner potentials, and can be










relativistic accuracy in S
L
(t). One can also obtain in this way the coordinate change '
0
(in
the form of a multipole expansion). This was the method followed in [1], and we can check
again that the results of [1] are indeed equivalent to (3.14)-(3.15). (We shall in particular
recover below the results of [1] by a more general method.)
C. Matching of the non-compact-supported potential W
ij
By inserting in the spatial components ij of the transformation law (3.5) the inner and




























)] +O(2) : (3.16)
This equation is valid at the non-relativistic level only. Like (3.9) and (3.10), it is numerically




. To transform (3.16) into a matching equation, we must rst
compute the multipole expansion, valid outside the source, of the inner potential W
ij
which
is, contrarily to the potentials V and V
i



















has been matched to the multipole expansion of V in the previous subsec-
tion: V
ext













(M(V )) +O(2) ; (3.17)
where Z
ij
(M(V )) is given by
Z
ij































) not by V but by the multipole expansion
M(V ) of V (modulo O(2)). Indeed, contrarily to V
ext





, the matching equation V
ext
= M(V ) + O(2) is an identity which is valid
\everywhere" and in particular on the whole past null cone, issued from the considered eld
point, on which depends the retarded integral in (3.18).
As for the inner potential W
ij

























We shall now prove that the multipole expansion M(W
ij
), valid outside of source, of the
















































































(z) is dened in (3.13).
The proof of (3.20)-(3.21) goes as follows. The rst term in W
ij
, involving the compact-
supported matter stresses 
ij
; can be treated by formulas identical to (3.11)-(3.13). We thus
25




V | from which we easily deduce the
last term. Let us consider the dierence between (minus) this term and the corresponding





















M(V )] : (3.22)
The analytic continuation factor r
B
in the second retarded integral deals with the singular
behavior of the multipole expansions near the spatial origin r = 0. The rst integral does not
need any regularization factor because the integrand in perfectly regular at r = 0. However,
in order to make a better comparison between the two integrals, let us introduce the same
factor r
B
, and the \nite part" prescription, into the rst integral. Since this integral is
convergent, the \nite part" prescription simply gives back the value of the integral. Hence


















M(V ))] : (3.23)
The important point is that, under the form (3.23), we see that X
ij
does have a compact
support limited to the distribution of matter in the source. Indeed, outside the compact
support of the source (i.e., in the domain D
e
), the potential V numerically agrees with its
multipole expansion M(V ) and therefore the integrand in (3.23) is identically zero. (This
is at this point that we need to assume that the multipole expansions in the \canonical"
construction of the exterior metric in D
e
involve an innite number of multipoles.) We can
thus compute the multipole expansionM(X
ij
) of (3.23) in D
e
by exactly the same formulas
(3.11)-(3.13) as was used for the compact-supported potentials V and V
i
. The only dierence
is that the analytic continuation factor r
B
must be kept inside the integral, and that one

























where the multipole moments X
L
ij





































[The \nite part" commutes with the derivation operator @
L
in (3.24).] We now prove that
the second term in (3.25), which involves the multipole expansion M(V ) in the integrand,
is in fact zero by analytic continuation. Indeed, the multipole expansion M(V )(y; t) is by





F(t  jyj=c), where L
0
is some multi-index, p is
some integer and F some function of time (all indices suppressed). Thus,M(V )(y; t+zjyj=c)





F(t + (z   1)jyj=c). By dierentiating and squaring the latter




M(V )(y; t + zjyj=c) entering (3.25) is an







a multi-index, q an integer
and G a function of time. We then expand by Taylor's formula each function G when
c ! +1. This introduces many powers of jyj and of (z   1). Multiplying by 
`
(z) and





H(t), where k is an

























), we arrive at








, where m is an integer. Finally






is zero by analytic continuation. [Indeed, we cut
















, where Y is some














can be analytically continued










, and is thus identically zero on the
whole complex plane (including  m   1).] Note that the proof that the second term in































K(t), where p; q are integers (such expansions are known to arise in higher-




































and the expressions (3.20)-(3.21) are then easily deduced. Indeed, we writeW
ij
as the sum of
Z
ij

















) is thus the sum of Z
ij
(M(V )), which is already a multipole





] computed by formulas like (3.11)-









) as deduced from (3.24) and (3.26). We add the factor
jyj
B






(which are convergent anyway), and the result is M(W
ij
) given by (3.20)-(3.21).
One should note the remarkable role of the analytic continuation factor jyj
B
in (3.25) and
(3.26). The integral (3.25) is of compact support and is thus perfectly well-dened at innity
jyj ! +1. The role of the factor jyj
B
in (3.25) is to deal with the singular behavior at the
origin jyj = 0 of the second term in the integrand, involving the multipole expansionM(V ).
That is, one can compute (3.25) by choosing ReB to be a large positive number so as to kill
the bad behavior of the integral at the origin, then analytically continuing the integral near
B = 0 and deducing the nite part at B = 0. On the contrary, the integral (3.26) is perfectly
well-dened near the origin jyj = 0, but it is not apparently of compact support. The factor
jyj
B







V behaves for large ` like a large power  jyj
` 4
blowing up at innity. That
is, one can compute (3.26) by choosing ReB to be a large negative number so as to make the
integral convergent when jyj ! 1. These two dierent procedures, ReB a large positive
number in (3.25) and a large negative number in (3.26), give the same numerical result, as
we have just proved. In conclusion, the form (3.26) although not apparently of compact
support is however, thanks to the properties of analytic continuation, numerically equal to
the compact-supported form (3.25). It is evident that the form (3.26), where the analytic
28
continuation factor deals with the behavior of the integral at innity from the source, is the
one which should be used in applications.




























)] +O(2) ; (3.27)
where the multipole expansion M(W
ij















































)] +O(2) ; (3.28)





(3.15)). To this end, one needs to decompose the momentsW
L
ij
into irreducible STF tensors
with respect to the indices ij and L.
D. Matching equation at the post-Newtonian order "
6




















+O(8; 7; 8) ; (3.29)
where  and 





































is the linear metric (2.17)-(2.18) and 

is the same expression as in (3.29) but








. The metrics (3.29) and































. These relations, which are (3.14)-(3.15) and (3.27), allow us to compute the
29










) in the right-hand-side of the outer metric
(3.30) in terms of the inner potentials. Indeed, by using (3.14)-(3.15) and (3.27) into the
expression (2.12) of 

, and by using 2M(V ) = 2M(V
i
) = 0 and 2'






















+O(8; 7; 8) ; (3.31)
where in the right-hand-side extra terms appear which are due to the coordinate transfor-
mation between the inner and outer metrics, and which can be written as a d'Alembertian












































= 0 : (3.32c)
[The only non-zero component is 

00
which is of order O(6).] Now, to evaluate (3.30) we

















which is made at leading level "
6




, where k is a











































+O(7; 7; 7) :
(3.33)
On the other hand, we have shown in x IIIA that the inner and outer metrics should be linked
by a coordinate transformation involving nonlinear terms at order "
6
in its 00 component,


































+O(8; 7; 8) ; (3.34)
30
(where the linear part @'

of the coordinate transformation is dened by (3.6), and where
both sides are expressed in terms of the inner coordinates x

). Substituting in the left-hand-
side of (3.34) the outer metric (3.33), and in the right-hand-side the inner metric (3.29), we






































+O(7; 7; 7) : (3.35)
The nonlinear part 


of the coordinate transformation has been cancelled, and it remains
only the linear coordinate transformation @'

.




, but must now be transformed into
a matching equation. The reasoning is exactly the same as the one we followed in dealing
with the non-compact-supported potential W
ij
in x III C, and we simply repeat here the
arguments. First, the term in (3.35) involving the compact-supported matter stress-energy
tensor T

is treated by formulas such as (3.11)-(3.13). Then consider, analogously to (3.22),
the dierence between the two terms involving


in (3.35). By adding the factor r
B
and the
\nite part" prescription in the rst of these terms (whose integrand is regular at r = 0) we
can write this dierence, analogously to (3.23), in a manifestly compact-supported form. (In-




are numerically equal in D
e





).) Hence, we can also apply to this dierence the formulas (3.11)-
(3.13) and obtain, analogously to (3.24)-(3.25), some expressions for the multipole moments
allowing for the analytic continuation factor jyj
B
and the nite part at B = 0. Finally the








these multipole moments is shown, analogously to (3.26), to be zero by analytic continua-



























's admit formal multipolar and







K(t), with p; q some integers (q = 0
in the case of M(V ) and M(V
i
), but q = 0 or 1 in the case of M(W
ij
)); see the discussion
above (3.26). An important result of this paper can now be written down. We introduce an
31





















where  and 






= O(3; 4) : (3.37)

































+O(7; 7; 7) ; (3.38)




































equal, modulo the linear coordinate transformation @'

(and modulo O(7; 7; 7) terms), to
the multipole expansion outside the source we would obtain if the eective total stress-energy
tensor 

had a compact support limited to the material source only. The dierence is that
the moments (3.39) carry the analytic continuation factor jyj
B
and the \nite part" at B = 0
to deal with the poles at B = 0 coming from the behavior of the integral at its upper bound
jyj ! +1. When no poles arise as will be the case at the 2-PN approximation (see x IV),
we can say that (3.38)-(3.39) justies the formal procedure followed by Epstein and Wagoner
[30] and Thorne [20] to compute the multipole moments. (However recall that in the works
[30] and [20] these multipole moments are assumed to be the moments which are radiated at
innity, while one has still to add to these moments all tails and nonlinear contributions in
the radiation eld, see x IV below.) Let us emphasize again that the expression (3.39) is not
manifestly of compact-supported form but is numerically equal to the expression obtained
32
by multipole expanding the compact-supported right-hand-side of (3.35). In particular, this
shows that the multipole moments (3.39) are retarded functionals of the source's parameters,
depending on the source at times t
0
 t only (or t
0
 t  r=c in (3.38)), contrarily to what
is apparent on their expressions (3.39) but in accordance with what they must be.
IV. GENERATION OF GRAVITATIONAL WAVES
A. Relations between the canonical moments and the source moments










(t) into irreducible STF multipole moments. This has already
been done by Damour and Iyer [31] in the case of linearized gravity, i.e. in the case where the
total stress-energy tensor 

in (3.38) is replaced by the usual compact-supported stress-
energy tensor T






where of course there are no analytic continuation factors in the expressions of the moments.
Let us prove that the computation done in [31] basically applies to our case, which







= 0(3; 4) by (3.37). To this end, we need only to check that
the multipole expansion in the right-hand-side of (3.38) is divergenceless up to O(3; 4) as
a consequence of the approximate conservation of 

. We take the time derivative of the
































































+O(3; 4) : (4.1)
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The rst two terms in the right-hand-side of (4.1) are the ones which would ensure the









.) The third term is the nite part at B = 0 of an integral having explicitly B as a
factor. This term arises because of the derivation of the factor jyj
B
during the integration
by parts. (Note that we have discarded a surface term which is easily seen to be zero by




. We now show that the third term in (4.1) in fact vanishes up to order
O(3; 4), which means, thanks to the explicit factor B, that the integral has at this order no
simple pole at B = 0. This follows from a general lemma which we now state and which
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+    + 
n
is not an odd (positive or negative) integer. To prove that
this is true, we need to investigate the behavior of the integrand at the bound jyj !
















   (coecients suppressed). Thus, one is led to consider the behavior of





















. By performing the integration over





), we nd that these integrals are zero if `+ `
1
+   + `
n
is an odd integer. When ` + `
1
+   + `
n





where  = 2 + 
0









at B = 0 will arise only if  =  1, and thus, since ` + `
1
+   + `
n





+    + 
n




+    + 
n
is not an odd integer, there
is no pole and (4.2) is true by virtue of the explicit factor B in front of the integral. (Note
that this condition for (4.2) to hold is sucient but by no means necessary.) Now, a non-




in the integrand, i.e. the part involving 
j
(see (3.36)). We rst expand the
34
argument t+ zjyj=c when c! +1 up to an order consistent with the remainder O(3; 4) in
(4.1), and integrate over z (using (4.8) below). Thus we have to consider integrals involving

j
and its time-derivatives, and multiplied by some even powers of jyj. The structure of

j
as given by (2.12b) and (2.12c) is of the type @V @V , where V represents a retarded
potential (2.3a) or (2.3b) and @ is some time or space derivation (all indices suppressed). By
expanding the retardation argument in the V 's up to the same order O(3; 4), we see that the
structure of 
j
is of the type @U@U or @U@X, where U and X are instantaneous (Poisson-






with  = 1 (see (4.14)-(4.15) below). Thus,

j




















































). Finally, it remains to commute













































). These integrals have no poles by the lemma





















(t) +O(3; 4) : (4.3)
This relation shows that the multipole expansion in the right-hand-side of (3.38) is diver-
genceless modulo small terms of order O(7; 8). This is consistent with the fact that the
\q-part" of the external metric is found to be zero at order O(7; 7; 7), see (2.25) and the
appendix A. Because of the uncontrolled remainder in (4.3), we nd that the four relations
(5.27) in [31] are modied by small post-Newtonian terms: C
L







are modied by terms O(8). Thus the 0i components (5.9b) in [31] involve
some uncontrolled termsO(7), while the ij components involve uncontrolled termsO(8) (the
00 component not being aected). All these terms fall into the remainder term O(7; 7; 7) in
(3.38), showing that the end formulas (5.33) and (5.35) of [31] giving the expressions of the
mass-type and current-type multipole moments in linearized gravity can be applied to our
case with the replacement of the matter stress-energy tensor T





, and with the addition of analytic continuation factors jyj
B
and of the \nite
part" prescription.



















+O(7; 7; 7) ; (4.4)
where @!

is a certain harmonic linear gauge transformation (2!

= 0), and where the




























































































































where the stress-energy tensor 

is given by (3.36). The weighting function 
`
(z) is dened






+ O(7; 8) (indeed remember that 2'

= O(7; 8)), and



















(t) +O(4) : (4.7b)
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[The relation (4.7a) for the mass moment comes from the 00 component of the matching
equation (4.4), while the relation (4.7b) for the current moment comes from the 0i compo-
nents of (4.4).] The relations (4.7a) and (4.7b) are exactly the ones needed to solve the wave
generation problem at the second-post-Newtonian approximation.
B. Expressions of the mass-type and current-type source moments
Since the relations (4.7) are only valid up to some post-Newtonian order, it is sucient





by (4.5). This expansion is achieved by means of a formula derived in the appendix B of [1],
and giving the expansion when c! +1 of terms involving the average over z appearing in
































(y; t) +O(6) : (4.8)



















































































































(y; t) +O(4) : (4.10)





computed from (3.36) where we use the expression (2.11) of  = jgj+O(6) and the expressions
(2.12) of the components of the eective nonlinear source 






































































































































Again retaining the powers of c
 1
consistently with the accuracy indicated in (4.9)-(4.10),


























































































































































































































































































Recall that the analytic continuation procedure in (4.12)-(4.13) is needed only for handling






V in (4.12), and could





Let us now derive an equivalent but somewhat simpler form for the mass-type multipole










(and P = P
ii
) dened by the post-Newtonian
expansions


















These instantaneous potentials are











; t) ; (4.15a)










; t) ; (4.15b)
U
i













; t) ; (4.15c)
P
ij

































; t) ; (4.15d)









































































































































































































































Several reductions of this expression can be done by integrating various terms by parts.
























































The second term in the right-hand-side of (4.17), which is made of the product of jyj
B
and
of a pure divergence, is easily shown to be zero thanks to the lemma (4.2). Indeed, the




=  2, and since the term involves two potentials

























where we have removed the factor jyj
B
in the right-hand-side since the term is compact-
supported. Note that the use of the lemma (4.2) permits to freely integrate by parts all
non-compact-supported terms in (4.16) except the term involving the product of three U 's,












































































has no pole at B = 0 (this case is not cov-


































+ 2p where p is a




which cannot have a























Incidentally, the above proof shows that in higher post-Newtonian approximations, terms
can arise which cannot be integrated by parts without generating poles. This is for instance









X which is expected to arise at the O(6) level.
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U in (4.16) exactly cancels a previous
term  y^
L
U , so that we recover, at the rst post-Newtonian approximation, the expression
obtained in [1], i.e. (2.27) in [1]. We use also the identity (4.20), and then perform several
other manipulations like for instance one showing that the two terms involving the poten-





U | all these































































































































































The expression (4.21) will be applied, in a forthcoming paper [4], to the problem of the
generation of waves by a coalescing compact binary at the 2-PN approximation. Note that
many other transformations of the expression (4.21) could be done using the equations of
motion and of conservation of mass. In the appendix B we show that in the case ` = 0 the
expression (4.21) reduces to the expression of the conserved total mass M at 2-PN which is
known from the equation of conservation of mass at 2-PN.
Finally we prove that the expression (4.13) of the current-type source moment is equiv-
alent to the expression obtained in [2]. We make the comparison with the expression (5.18)




































+ (1   )y
i
2
, and where y
hLi













alternative form of Y
L












































































). Then the formula which permits to relate our work with the


















































( is the usual three-dimensional Dirac distribution), and where















]: By substitution into
































! 0 of the




; see (3.14) in [2]), and nd that the only remaining












ln jyj, where k is an integer.
These radial integrals are zero at B=0 (no poles). Thus it remains only the second term










), and readily yields the result (4.23).
By multiplying (4.23) by some densities (y
1
; t) and (y
2


























































, showing the complete equivalence between our expression (4.13)
above (where the V 's can be replaced by the corresponding U 's) and the expression (5.18)
in [2].
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C. The asymptotic waveform at the 2-PN approximation
It has been shown in [22] (see also [32]) that the \canonical" external eld (2.16), which
satises all-over D
e
the harmonic-coordinates Einstein's equations (1.1)-(1.2) (in the sense
of formal nonlinear expansions), can be rewritten in a so-called radiative coordinate system
X

= (cT;X) in which it is of the Bondi type at large distances from the source. It
is sucient to consider the transverse-traceless (TT) projection of the leading-order 1=R














this TT projection of the spatial metric (where g
km
is the



















































represent two innite sets of functions of the retarded
time T   R=c, which are STF in their indices L = i
1
   i
`
(` goes from 2 up to innity).
These functions by denition parametrize the asymptotic waveform. The coecients in




reduce, in the non-relativistic limit
c! +1 to the `th time-derivatives of the usual \Newtonian" mass-type and current-type




































































































































































By dierentiating, squaring and averaging over angles this expression, one obtains the energy




































































Now the point is that the external eld (2.16) is algorithmically constructed in [21]





, and that the coordinate transformation between the harmonic coordinates





parametrizing the multipole expansion of the asymptotic


























































(T ) and S
(` 1)
L 1




computed at the radiative time T , and where X
nL
(T ) and Y
nL
(T ) are nonlinear functionals


























































denotes the ath time-derivative of either a mass moment M
L
(in which case







endowed with a Levi-Civita symbol (in which case





denotes some dimensionless kernel whose index structure
is made out only of Kronecker symbols, and which depends only on variables having the
dimension of time. The powers of G and c in (4.29) are obtained by a simple dimensional




have the usual dimensions


















number of indices present on the n moments P
L
in (4.30), and where s is the number of






of complete contraction between the indices L;L
1
;    ; L
n






= ` + 2k ; (4.31)
where k is the number of contractions among the indices L
1
;   L
n
.
In view of the explicit powers of c
 1
in front of the multipole moment contributions
present in (4.27), we need to compute the relations (4.29) linking the radiative and canonical


















, and so on.
Now the equality (4.31) shows that the nonlinear terms in (4.29) having n  3, and thus
coming from the cubic and higher nonlinearities of Einstein's equations, are at least of order
O(c
 6
) = O(6) and can be neglected for our purpose. Furthermore, the terms with n = 2
must have k = 0 in (4.31) since for k  1 the corresponding order is O(5), also negligible for
our purpose. Finally, the remaining nonlinear terms with n = 2 and k = 0, which represent
corrections  c
 3
in the radiative moments, are to be computed only in the quadrupole and




, and in the quadrupole current moment V
ij
. We then
























one of the moments in (4.30) is necessarily non-static, `
2
 2 say.) This corresponds to the






and of the mass octupole M
ijk






), and of M




). Let us combine these informations with the
results of [3] showing that two (and only two) types of \hereditary" contributions arise in




at the quadratic nonlinear approximation, namely the \tail"





the \memory" contribution involving the interaction between two non-static moments M
L
.
By the previous reasoning, the latter \memory" contribution can be neglected, and the







. Hence we can write, from (2.42) and (3.4) in [3],
U
ij























(T   V ) +O(5) ; (4.32a)
U
ijk























(T   V ) +O(5) ; (4.32b)
V
ij
























(T   V ) +O(5) : (4.32c)
The other radiative moments U
ijkm
;    ; V
ijkmn
in (4.27) and (4.28) are equal, with the re-
quired precision, to the corresponding M
(4)
ijkm
;    ; S
(5)
ijkmn








appear in (4.32), which are in factor of \instantaneous" (non-hereditary) contri-
butions. Note that there is a priori also a contribution involving the interaction between the
mass dipoleM
i
and the mass quadrupoleM
jk
(T ) in the octupole moment U
ijk
(T ) of (4.32b).












is some numerical constant, has been set to zero in (4.32b) by requiring that the
(harmonic) exterior coordinate system is mass-centred, i.e. M
i








necessitates the implementation of the algorithm for the construction of the
external metric. This was already done in [3] for the computation of 
2
. The computation


















The constant b entering the tail contributions in (4.32) is a constant (with dimension of
a time) which parametrizes the relation between the radiative coordinate system (T;R) in
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(where terms of order O(1=r
2
can
) in the distance to the source are neglected). A possibly




is a typical frequency at which
some detector at large distances from the source is operating [11].
The relations (4.32) are still not expressed in terms of the source's parameters, and the









. We can thus rewrite (4.32) as
U
ij
























(T   V ) +O(5) ; (4.35a)
U
ijk
























(T   V ) +O(5) ; (4.35b)
V
ij
























(T   V ) +O(4) ; (4.35c)
(with relations limited to the rst term in the right-hand-side for the higher-order moments
U
ijkm
;   ). One must insert these relations, together with the explicit expressions (4.21)
and (4.13) of the source moments, into the waveform (4.27) and/or the energy-loss formula
(4.28). (Note that the only tail contribution in the energy-loss formula (4.28) comes from
the \mass-quadrupole" tail associated with the moment U
ij
in (4.35a).) This solves the
problem of the generation of gravitational waves by a general isolated system at the 2-PN
approximation.
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APPENDIX A: PN EXPANSION OF PART OF THE EXTERNAL FIELD
The \q-part" of the external metric is the second term in the denition of the nonlinear















The \q-part" of the metric is computed from the \p-part" (A1) as follows [21]. We compute





























=r and where the factor B comes from the derivation of the analytic contin-
uation factor r
B
. This divergence is known to be a retarded solution of the wave equation,













































































are some STF tensorial functions of the retarded time. Then
















































































































































The main task is to deal with the quadratic case n = 2. We rst control the post-
Newtonian expansion of the divergence r

can(2)








) is computed by inserting the linear metric (2.17)-(2.18) into (1.5). Its post-





















are the coecients of the leading-order and next-order terms in the
post-Newtonian expansion, and where we use the notation ! = 0 when  = 00 or ij and






















































where P and Q are multi-indices with p and q indices. Important for our purpose is the
fact that the number of spatial derivatives is p + q  2 in F

and in the second term in
G

, and is p + q  1 in the rst term in G

. Knowing the expansion (A5) we can write






















































+O(8; 7) ; (A7)
where 
 1






, and where ! = 1 when  = 0 and
! = 0 when  = i. The justication of the equation (A7) can be found in our previous papers




into (A7) shows that all







































(B) vanish at B = 0, and
when p + q  2 (which implies ` + k  2) D
2













(r) in (A6b), projecting on STF tensors
and applying 
 1






(B) where the denominator is D
3
(B) = (B 2` 







take non-zero values at B = 0 we conclude that all terms will be zero at B = 0




= O(8; 7) : (A8)
The equation (A3) then shows that for n = 2 the function A
L














































= O(7) : (A9c)





having low multipolarities ` = 0; 1. We know that the dependence on c
 1
of a term with
multipolarity ` in q

can(2)















composing the term (notation of
x IVC). Now one of the two moments is necessarily non-static since for stationary metrics
the \q-part" of the metric is zero (appendix C in [21]), thus `
1
 2 say. On the other hand,












 3. This, together with the fact




= O(7; 7; 7) : (A10)
We nally deal with the cubic case n = 3. In this case we know that the post-Newtonian
expansion of the source 

can(3)
starts at O(6; 7; 8). [The fact that the spatial components
50
ij of the cubic source are O(8) instead of the expected O(6) is not obvious but has been
proved in [21] | see the proof that
~
A = 0 on p.424 in [21]; indeed a possible term O(6)
would be made of three mass-type multipoles M
L
.] Thus the divergence (A2) with n = 3
is at least r

can(3)
= O(7; 8), from which we deduce q

can(3)
= O(6; 7; 8). On the other hand
the dependence in c
 1
of a term in q

can(3)
is O(8 + `
i
  `) (see (3.23) in [24]) and we know
that `
i








= O(8; 7; 8) : (A11)
Equations (A10) and (A11) are the ones which are used in the text.
APPENDIX B: THE CONSERVED 2-PN TOTAL MASS
We rst obtain the expression of the total conserved mass at the 2-PN approximation.










































) +O(5) ; (B1)
where our notation can be found in (2.1)-(2.4) and (4.14)-(4.15). By integrating this equation


















































Several transformations of both sides of this equation yield the equation of conservation of











































= O(5) : (B3)
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We now show that the expression (4.21) we obtained in the text for the general mass-
type source moment I
L
reduces when ` = 0 to the conserved mass appearing in the square

















































































































































We shall not write down the rather long calculation but only indicate its main steps. One

















U) +O(4) ; (B5a)







































)] +O(4) : (B5b)
Thanks to the lemma (4.2) we know that the non-compact supported terms in (B4) can
be freely integrated by parts as if the analytic continuation factor jyj
B
and the nite part
prescription were absent, and as if all surface terms were zero. Let us quote here a list of
identities, valid up to the required precision and up to the addition of a total divergence,



















































































































































Using these and other identities, we arrive nally at a manifestly compact-supported ex-










































in perfect agreement with (B3).
APPENDIX C: COMPUTATION OF THREE CONSTANTS







appearing in (4.32) one needs to implement














). The more general cases of interacting multipoles
M M
L
(t) and M  S
L
(t) are in fact not more dicult to handle and probably will be





for any `  2.
In the appendix B of [3], where 
2
= 11=12 was obtained, we computed the complete
M M
ij
metric valid all over D
e
. Here we shall only compute the terms 1=r (and ln r=r)
in the M M
L
and M  S
L






contained in these terms. The quadratic source (1.5) of Einstein's equations, computed with




















(t) and where the
number of space-derivatives acting on r
 1
is at most two, i.e. p = 0; 1 or 2 (and where q is
arbitrary). Thus we need only to compute the leading term when r ! +1 of the (nite










F (t  r=c)) when p = 0; 1 or 2. When p = 0
we know from our previous papers that this retarded integral involves a tail. A computation































































(Note that the sum 
q
k=1
(1=k) is multiplied by a factor 1 in the present formula (C1) and by
a factor 2 in the formula (2.26) in [3].) When p = 1 or 2 there are no tails but the calculation
is in fact somewhat more complicated. One must use (4.26) in [23] to get the polar part at



































































































































(We denoteQ = a
1
   a
q
, and in the last term of (C3), j means that j has to be excluded from
the STF operation h i.) It is then straightforward to obtain the needed nonlinear sources
with the help of (1.5) and to apply the formulas (C1)-(C3) on each terms of these sources.
The \p-part" of the metric obtained in this way (see (A1)) is found to be divergenceless up
to order O(ln r=r
2
) and thus, as a short reasoning shows, the \q-part" of the metric (see
(A4)) vanishes at this order. In the case of the interacting multipoles M M
L
































































+ 3` + 4

























































+ 10` + 8
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(with c = 1). When ` = 2 this metric reduces to (B4) in the appendix B of [3]. In the case


























































































































In (C4) and (C5) the moments are evaluated at t  r=c in the instantaneous terms, and at












+ 5` + 4



























coordinate system which is used, namely the harmonic coordinate system. For instance, the























  ln `] = C ; (C8b)
where C = 0:577: : : is Euler's constant. This can be of interest since the combinations

`
  ln `  C and 
0
`
  ln `  C arise in the phase of the Fourier transform of the waveform
(see (3.5) in [33] for the mass-quadrupole case ` = 2).
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